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Abstract: In this paper we study thermodynamic properties of dense cold SU(2) QCD within lattice
simulation with dynamical rooted staggered quarks which in the continuum limit correspond to Nf=2
quark flavours. We calculate baryon density, renormalized chiral and diquark condensates for various
baryon chemical potentials in the region ฀฀(0,2000) MeV. It is found that in the region ฀฀(0,540) MeV
the system is well described by the ChPT predictions. In the region ฀>540 MeV the system becomes
sufficiently dense and ChPT is no longer applicable to describe lattice data. For chemical potentials
฀>900 MeV we observe formation of the Fermi sphere, and the system is similar to the one described
by the Bardeen-Cooper-Schrieffer theory where the diquarks play a role of Cooper pairs. In order to
study how nonzero baryon density influences the gluon background we calculate chromoelectric and
chromomagnetic fields, as well as the topological susceptibility. We find that the chromoelectric field and
the topological susceptibility decrease, whereas the chromomagnetic field increases with rising of baryon
chemical potential. Finally we study the equation of state of dense two-color quark matter.
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In this paper we study thermodynamic properties of dense cold SUð2Þ QCD within lattice simulation
with dynamical rooted staggered quarks which in the continuum limit correspond to Nf ¼ 2 quark
flavours. We calculate baryon density, renormalized chiral and diquark condensates for various baryon
chemical potentials in the region μ ∈ ð0; 2000Þ MeV. It is found that in the region μ ∈ ð0; 540Þ MeV the
system is well described by the ChPT predictions. In the region μ > 540 MeV the system becomes
sufficiently dense and ChPT is no longer applicable to describe lattice data. For chemical potentials
μ > 900 MeV we observe formation of the Fermi sphere, and the system is similar to the one described by
the Bardeen-Cooper-Schrieffer theory where the diquarks play a role of Cooper pairs. In order to study how
nonzero baryon density influences the gluon background we calculate chromoelectric and chromomagnetic
fields, as well as the topological susceptibility. We find that the chromoelectric field and the topological
susceptibility decrease, whereas the chromomagnetic field increases with rising of baryon chemical
potential. Finally we study the equation of state of dense two-color quark matter.
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I. INTRODUCTION
Study of quantum chromodynamics at finite baryon
density is an important research topic of modern physics
which is closely connected to various problems in astro-
physics and cosmology. Experimental studies of QCD at
finite baryon density can be carried out in heavy ion collision
experiments. In particular, the region of the phase diagram
with high temperature and small baryon density is well
explored at the Large Hadron Collider (LHC) and
Relativistic Heavy Ion Collider (RHIC), while the physical
programs of future Facility for Antiproton and Ion Research
(FAIR) and Nuclotron-based Ion Collider Facility (NICA)
are focused on large baryon density and small temperature.
At the moment, the theoretical understanding of the
QCD phase diagram in ðμ; TÞ plane is rather schematic,
since the most powerful approach, lattice simulation of
QCD, cannot be directly applied in the region of finite
density due to the sign problem [1]. Numerous lattice
attempts to overcome the sign problem provide reliable
information only in the region of small baryon density [2].
In the absence of straightforward results from lattice
simulation of QCD, one applies different analytical
approaches to study the ðμ; TÞ phase diagram: mean field
approaches [3–9], the method of Dyson-Schwinger equa-
tions and the renormalization group [10–13], the large–Nc
approach [14], perturbative QCD [15,16] and others.
Although the results obtained theoretically are important,
it is rather difficult to estimate the reliability of these
predictions.
One of the possible ways to shed light on the properties
of dense media is to apply lattice simulation to theories
which are similar to QCD but are not plagued by the sign
problem. Although such theories differ from real QCD in
some aspects, it is believed that these QCD-like theories
can provide important information common for dense
media in general. The most popular choices are the
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QCD at finite baryon density [22,23]. This paper is devoted
to lattice study of the dense two-color QCD.
The two-color QCD at finite chemical potential has been
studied with lattice simulations quite intensively, see, e.g.,
[24–35] and references therein. Mostly, these papers are
aiming at the study of the phase diagram of two-color QCD
in the region of small and moderate baryon densities.
The phase structure of dense two-color QCD and its pro-
perties were studied in our previous papers [36–39], where
lattice simulations were carried out at a relatively small
lattice spacing a ¼ 0.044 fm. In this paper we also employ
this spacing. Compared to previous studies at larger lattice
spacings, this allows us to extend the range of accessible
values of the baryon density, up to quark chemical potential
μ > 2000 MeV, while avoiding strong lattice artifacts.
In this paper we are going to continue these studies. In
particular, we shall calculate chiral condensate, diquark
condensate and quark number density for various values of
chemical potential under investigation. In order to study
how nonzero baryon density influences the properties
of the gluon background we calculate chromoelectric,
chromomagnetic fields and the topological susceptibility.
In addition, we shall study the equation of state of dense
two-color QCD.
The manuscript is organized as follows. In the next
section we describe our lattice setup and details of the
calculation of the observables under consideration. In
Sec. III we present our results on fermionic observables.
In Sec. IV we study how nonzero baryon density modifies
the properties of the gluon background. Section IV is
devoted to our study of the equation of state of dense two-
color QCD. Finally, in the last section we discuss our
results and draw the conclusion.
II. DETAILS OF THE CALCULATION
In this section we briefly describe our lattice setup. More
details can be found in papers [29,37]. In our lattice study
we used the tree level improved Symanzik gauge action
[40,41]. For the fermionic degrees of freedom we used









ðψTx τ2ψx þ ψ̄xτ2ψ̄Tx Þ;
ð1Þ
where ψ̄ , ψ are staggered fermion fields, Mx;yðμ; mÞ is the
standard Dirac operator for staggered fermions, m is the
bare quark mass and λ is the diquark source parameter.
The chemical potential μ is introduced via the multiplica-
tion of the links along and opposite to the temporal
direction by the factors eμa, respectively.
In Eq. (1), in addition to the standard staggered fermion
action, we introduce a diquark source term [24]. The
diquark source term explicitly violates UVð1Þ and allows
to observe diquark condensation even on finite lattices,
because this term effectively chooses one vacuum from the
family of UVð1Þ–symmetric vacua.
In the present study we are going to investigate a theory
with the partition function
Z ¼
Z
DUe−SG · ðdetðM†M þ λ2ÞÞ14; ð2Þ
where SG is the tree level improved Symanzik gauge action.
In the continuum, the partition function (2) corresponds to
Nf ¼ 2 dynamical fermions.
The results presented in this paper have been obtained
in lattice simulations performed on a 324 lattice for the set
of chemical potential values in the region aμ ∈ ð0; 0.5Þ.
In out simulation we use the quark mass am ¼ 0.0075
corresponding to the pion mass mπ ¼ 741ð15Þ MeV
(amπ ¼ 0.165 0.003). At zero density we performed
the scale setting using the QCD Sommer scale r0 ¼
0.468ð4Þ fm [42]. In this case the string tension asso-
ciated to μ ¼ 0 amounts to ffiffiffiffiffiσ0
p ¼ 476ð5Þ MeV at
a ¼ 0.044 fm.
Typically, one carries out numerical simulations at a few
nonzero values of λ and then extrapolates to zero λ.
However, numerical simulations at large baryon density
are numerically very expensive. For this reason, in this
paper we conduct most of our simulations at a single fixed
value λ ¼ 0.00075 (λ=m ≃ 0.1). In order to check the λ–
dependence of our results, we carry out additional lattice
simulations at λ ¼ 0.0005, 0.001 and aμ ¼ 0.0, 0.1, 0.2,
0.3, 0.4. We find that at λ=m ≃ 0.1 the values of most
observables are close to the λ → 0 extrapolation. Thus, we
believe that our conclusions are not affected by finite value
of the λ parameter (see Sec. VI).
In our paper we are going to calculate the following
fermionic observables






(ii) The chiral condensate:











The baryon density is a conserved quantity and it does not
require renormalization. The chiral and diquark conden-
sates require renormalization. To this end, we are going to
follow the renormalization procedure analogous to the
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½hqqiμ − hqqi0 ð7Þ
To get rid of the additive divergences in the chiral and
diquark condensates we subtract the corresponding observ-
able hq̄qi0 and hqqi0 at zero μ ¼ 0. Since the quark mass
is renormalized multiplicatively, mr ¼ Zm, multiplicative
divergence falls out in the combination mr∂=∂mr ¼
m∂=∂m and the quantity mðhq̄qi − hq̄qi0Þ has a well-
defined continuum limit. Other factors in the formula (6)
are introduced in such way that the chiral condensate Σq̄q is
1 at μ ¼ 0 and 0 if the chiral symmetry is fully restored. To
do it we also use the Gell-Mann–Oaks–Renner relation:
m2π ¼ mhq̄qi=4F2 [23], where F is the constant in front of
the kinetic term of the chiral perturbation theory, in the
leading order the pion decay constant fπ ¼ F=2.
One can easily check that at zero density μ ¼ 0 the
staggered Dirac operator Mðμ ¼ 0; mÞ has the follow-
ing formMðμ ¼ 0; mÞx;y ¼ Qx;y þmaδx;y, where the oper-
ator Q satisfies Q† ¼ −Q. The partition function (2) at
zero μ ¼ 0 takes the following form: Z ¼
R
DUe−SG ·
ðdetðQ†Qþ ðmaÞ2 þ λ2ÞÞ14 and depends on the quark mass
and λ only via the factor m2a2 þ λ2. Thus, the diquark
source parameter λ and the quark mass ma are completely
equivalent at zero baryon density and their multiplicative
renormalization factors coincide. As the consequence, the
multiplicative renormalization of the diquark condensate
(7) can be taken to be equal to the multiplicative renorm-
alization factor of the chiral condensate (6).
To calculate the renormalized chiral and diquark con-
densates one needs to know the value of the constant F.
To find this constant we fit our lattice results for the
quark number density by the ChPT formula (24) in the
region aμ ∈ ð0; 0.12Þ with the pion mass mπ ¼ 738
13 MeV (amπ ¼ 0.165 0.003). The fit quality is good
χ2=dof ∼ 1 and the fitting parameters are F ¼ 60.8
1.6 MeV (aF ¼ 0.01359 0.00036).
In addition to the fermionic observables (3)–(5), we
study how nonzero density modifies the gluonic back-















ðhUsPiμ¼0 − hUsPiμÞ; ð9Þ
where UsP; U
t
P are the spatial and temporal plaquettes. It is
clear that these observables show how the chromoelectric
and chromomagnetic fields are affected by the baryon
density.
To study the topological properties of the dense two-
color QCD we are going to calculate the topological
susceptibility. The details for these measurements mainly
follow [43]. To get the topological charge on each con-
figuration we use the gradient flow technique [44,45]. On










where UμνðxÞ is the plaquette at the point x in directions μ
and ν. The final estimator for the topological charge Q is
given by:
Q ¼ round ðαQLÞ; ð11Þ
where round gives the closest integer to its argument and
the factor α is chosen in such a way that it minimizes
hðαQL − round ðαQLÞÞ2i: ð12Þ
By doing this we rescale the topological charge QL so
that its peaks become closer to integer values and then
round the estimation to this integer, thus reducing lattice





Finally we are going to study the equation of state (EoS)
for the dense two-color QCD. The pressure p can be






dξnqðξÞ þ pð0Þ: ð14Þ
In this paper we work at zero temperature, where it is
reasonable to take pð0Þ ¼ 0. In the calculation, the baryon
density was interpolated by cubic splines. The pressure was
then obtained with numerical integration of the interpolated
baryon density.
Next let us consider the trace anomaly IðμÞ ¼ hTμμi ¼









If instead of the pion condensate and the pionic source term in
QCD at finite isospin density [20] one considers the diquark
condensate and the diquark source term in dense two-color QCD,
both theories look similar in their properties.




¼ N4t βðgÞ½hSGiμ − hSGi0; ð16Þ
IFðμÞ
T4
¼ −N4t γðgÞma½hq̄qiμ − hq̄qi0; ð17Þ
where IGðμÞ, IFðμÞ denote the gluon and fermion contri-
butions to the anomaly, hSGi is the averaged value of the
tree level improved Symanzik gauge action, and βðgÞ and
γðgÞ are







Here two comments are in order.
First, in Eq. (15) we subtracted the trace anomaly at zero
temperature and density in order to get rid of the additive
divergence. Second, all simulations are carried out on the
lattice 324. Although one cannot exclude finite temperature
or finite Nt effects, the temperature in our simulations is
close to zero. When we divide some observable by T in the
corresponding power [similar to formulas ((8)–(9)) or
((15)–(17))], instead of T we imply inverse temporal size
of our lattice 1=aNt ≃ 140 MeV.
Having calculated the pressure and the trace anomaly we
can calculate the energy density ϵ and the entropy density s
ϵ ¼ I þ 3p ð20Þ




The phase diagram of dense two-color QCD was studied
previously within the ChPT in papers [22,23]. This phase
diagram at zero λ can be described as follows: for sufficiently
small chemical potential the chiral symmetry is broken
and the chiral condensate takes nonzero values, while the
diquark condensate and baryon density are zero; at μc ¼
mπ=2 the system undergoes a second order phase transition
where the diquark condensate plays a role of the order
parameter; in the region μ > μc the diquark condensate and
the baryon density become nonzero. In the lattice formu-
lation due to the finite pion mass the chiral condensate is
nonzero after the transition, but it decreases with chemical
potential. Moreover, nonzero values of the λ parameter
change the second order phase transition to a crossover.
At the leading order approximation of the ChPT, the
dependence of the diquark condensate, chiral condensate
and quark number density on the chemical potential can be
described by the following formulas [23]
hqqi ¼ 2NfG sin α; ð22Þ
hq̄qi ¼ 2NfG cos α; ð23Þ
n ¼ 8NfF2μ sin2 α; ð24Þ
where the α angle can be extracted from the equation















Our lattice results for the renormalized diquark condensate
Σqq, the chiral condensate Σq̄q and the quark number
density are presented in Figs. 1–3 correspondingly.
To proceed we fit simultaneously our lattice data for the
diquark condensate, the chiral condensate and the quark
number density in the region aμ ∈ ð0; 0.12Þ by modified
formulas (22)–(24). The modification consists in addition
of one constant c1 to the quark condensate and the constant
c2 to the chiral condensate, these constants are aimed at
account of the additive divergences which are contained in
the lattice results. Thus in the fitting procedure we have
four parameters: F; μc; c1; c2. In Figs. 1–3 we present the
results of this fit. From these figures it may be seen that the
fit quality is good (χ2=dof ∼ 1) and F ¼ 63 3 MeV, μc¼
40330MeV (aF¼0.01410.0006), aμc¼0.090
0.006. The critical chemical potential μc obtained in the
fitting procedure within the uncertainty agrees with that
calculated from the pion mass: μc ¼ mπ=2 ¼ 371
9 MeV. Since the formulas above describe our lattice data
FIG. 1. Renormalized diquark condensate (7) as a function of
chemical potential. Dashed red line represents the fit by (22), for
detailed discussion see the paragraph after Eq. (26).
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quite well, we conclude that at low density (μ < 540 MeV)
the system under study is well described by ChPT. A
similar conclusion was also drawn in papers [29,32,33].
From Figs. 1 and 3 it may be observed that in the region
μ > 540 MeV (aμ > 0.12) the lattice data for the diquark
condensate and quark number density start to deviate from
the leading order ChPT predictions. To understand the
origin of this deviation we remind that at the leading order
approximation of the chiral perturbation theory one may
ignore the interactions between hadrons, what can be done
when baryons form a dilute gas, where the interactions are
not important. It is clear that the larger the baryon density
the more important the interactions between baryons are,
the larger the deviation from the leading order ChPT. Thus
the deviation of lattice data from ChPT predictions can be
considered as the transition of the system from a dilute
baryon gas to dense matter phase.
For sufficiently large density the wave functions of
different baryons overlap. If the density is increased further,
an individual quark no longer belongs to a particular
baryon. One can expect that in this region of the chemical
potentials, the system is similar in some properties to the
Bardeen-Cooper-Schrieffer theory. Following [28] below
we refer this region to as the BCS phase. In this phase the
relevant degrees of freedom are quarks forming a Fermi
sphere, and the baryon density is given by the one of
noninteracting quarks n0 ¼ 4μ3=3π2. In other words, in the
two-color QCD the diquarks are Cooper pairs in the BCS
theory.
Note that the notion “BCS phase” is not fully appropriate
to describe the system under study in the region of
sufficiently large baryon densities. In our study this is
the region aμ ∈ ð0.2; 0.4Þ. This is because the results of the
BCS theory are applicable in the weak coupling regime,
which might take place at ultrahigh densities only. In
particular, one of the predictions of the BCS theory is Σqq ∼
ΔðμÞμ2 [48], where the ΔðμÞ is the mass gap in the





gÞ [13]. But the baryon densities
reached in our studies are moderate and the system in this
region is still strongly coupled [37], thus the weak coupling
formula for the mass gap is not applicable, while one might
expect that the relation Σqq ∼ ΔðμÞμ2 survives. The factor
∼μ2 in the last formula results from the fermionic density of
states on the Fermi surface, and the factor ΔðμÞ determines
the strength the UVð1Þ symmetry breaking in the system.
In order to find the value of the chemical potential where




2, respectively. Firstly, let us consider
FIG. 2. Renormalized chiral condensate (6) as a function of
chemical potential. Dashed red line represents the fit by (23), for
detailed discussion see the paragraph after Eq. (26).
FIG. 3. Quark number density as a function of chemical
potential. Dashed red line represents the fit by (24), for detailed
discussion see the paragraph after Eq. (26).
FIG. 4. The ratio nq=n0 as a function of chemical potential,
where n0 ¼ 4μ3=3π2 is the quark number density for free
relativistic quarks in continuum limit (red circles) or on the
lattice (blue diamonds).
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the ratio nq=n0. In the calculation we used the lattice and
the continuum expressions for the n0. From Fig. 4 it may be
observed that in the region aμ ∈ ð0.2; 0.4Þ the ratios nq=n0
goes to plateau. For the continuum n0 the deviation of the
nq=n0 from unity by not more than 10%, whereas for the
lattice n0 the deviation of the n=n0 from unity amounts to
20%. The difference between lattice and continuum results
for the free baryon density can be attributed to finite lattice
spacing and finite volume effects, similar deviations for the
quark number density were also observer previously in
[28,49]. What concerns the ratio m2πΣqq=μ
2, it goes to a
plateau in the same region, i.e., the condensation of
diquarks takes place on the surface of the Fermi sphere
and the ΔðμÞ weakly depends on μ. From these observa-
tions we can conclude that in the region aμ > 0.2 the
system under study is in the BCS phase. The BCS phase in
two-color QCD was observed previously in the papers
[28,29,33,34].
IV. GLUONIC OBSERVABLES
This section is devoted to the study of the gluon
background at nonzero baryon density. To this end, in
Figs. 6, 7 we plot ratios (8), (9) as functions of baryon
chemical potential.
From Fig. 6 it may be observed that the chromoelectric
field decreases with increasing baryon density. We believe
that this behavior can be attributed to well-known Debye
screening of chromoelectric field in dense matter. This
phenomenon was also observed in the study of Polyakov
loop correlators [37] and gluon propagators [38,39] in
dense matter. It is interesting to note that in the BCS phase,
chromoelectric field scales as −hδðE⃗aÞ2i ∼ μ4.
Next let us consider the chromomagnetic field shown in
Fig. 7. From this plot it is seen that within the uncertainty
chromomagnetic field does not change as compared to its
vacuum value up to aμ ∼ 0.2. In the region aμ > 0.2 the
magnetic field increases with rising of the baryon density.
This behavior can be explained if we recall that magnetic
screening in QCD matter is related to nonperturbative
spatial confinement. In the paper [36] it was shown that
in the region aμ > 0.2 the spatial string tension decreases,
i.e., spatial confinement plays a less important role, thus
chromomagnetic field is less screened. Similar results were
obtained in papers [38,39].
To study how nonzero baryon density influences the
topological properties of QC2D, we calculated the topo-
logical susceptibility χ for various values of the baryon
chemical potentials under study. The result of this calcu-
lation is presented in Fig. 8. Despite large uncertainties at a
few points, it may be seen from this plot that the topological
susceptibility slowly decreases with rising of the chemical
potential. This result is in disagreement with one recent
FIG. 5. The ratio m2πΣqq=μ
2 as a function of chemical potential,
where Σqq is defined in (7).
FIG. 6. The ratio −hδðE⃗aÞ2i=T4, defined in (8), as a function of
chemical potential. The minus sign is taken since the chromo-
electric field decreases in dense matter as compared to the
vacuum value.
FIG. 7. The ratio hδðH⃗aÞ2i=T4, defined in (9), as a function of
chemical potential.
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study [33], but it agrees with the results of the papers
[50,51]. We believe that the disagreement with [33] might
be explained as follows: due to the small lattice spacing in
our study we are able to reach large baryon density where
the decrease of the topological susceptibility becomes
visible. On the contrary, quite large lattice spacing prevents
the authors of paper [33] to reach the baryon density where
the decrease can be observed.
2
Another possible explan-
ation it that finite temperature effects in our study might be
larger than that in [33]. As a result the decrease of the
topological susceptibility might be related to the fact that
moving to larger baryon density we cross the line of
confinement/deconfinement transition. To find out what
explanation is correct further study is required. We would
like also to notice that our findings on the topological
susceptibility are supported by the other results of this
paper. In particular, in this section we observed that
chromoelectric fields are screened in dense matter. For
this reason one can expect that topological fluctuations are
suppressed by dense matter as compared to vacuum.
V. EQUATION OF STATE OF DENSE QC2D
To study the EoS of dense two-color matter in this paper
we are going to use Eqs. (14)–(21). For the functions βðgÞ
the two-loop perturbative expression is used, which is
independent on regularization:











For the function γðgÞ in the calculation we use the
perturbative one-loop expression (28), which similarly to
(27) does not depend on regularization
γðgÞ ¼ 1þ 9
32π2
g2: ð28Þ
Notice that the use of the one-loop expression might lead to
systematic uncertainty. However, we believe that we are
close to the continuum limit and the expression (28) is a
good approximation for the actual γðgÞ function. This
statement is supported by the findings in [52] devoted to
the EoS of SUð3Þ QCD. In this paper it was found that for
sufficiently small g2 the γðgÞ is well described by one-loop
formula similar to (28). The fact that we work close to the
continuum limit can be seen from the following observa-
tion: if instead of the two-loop βðgÞ function one uses one-
loop expression the results for the βðgÞwill change by 10%.
Moreover, the γðgÞ function enters the fermionic contribu-
tion to the trace anomaly (17), which is quite small and it
modifies the EoS within the uncertainty of the calculation.
In the Fig. 9 we plot the gluon IG and fermion IF
contributions to the anomaly and the pressure p as a
function of the chemical potential. In order to plot these
observables in one figure we have rescaled them. The
energy density (20) is the sum of the IG, IF, and 3p, thus
using Fig. 9 one can explore the role of these three
contributions in the EoS. From the Fig. 9 it may be seen
that the smallest contribution is the fermion part of the
anomaly, IF. The next (by the size) is the gluon contribution
to the anomaly, IG. Unfortunately, the uncertainty of the
calculation of this observable is quite large, and the IG
develops nonzero values only in the region aμ ≥ 0.4.
FIG. 8. Topological susceptibility in energy units, scaled by 103
for the better visual presentation, as a function of the chemical
potential.
FIG. 9. The gluon IG and fermion IF contributions to the
anomaly, defined in (16) and (17) respectively, and pressure p as
functions of the chemical potential. In order to plot these
observables in one figure we rescaled them.
2
Explicit value for the lattice spacing is not provided in [33],
but it can be estimated as a ≈ 0.15 fm from the subsection 2.3
assuming Tc ¼ 180 MeV.
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Notice that for all the values of μ under study the fermionic
contribution IF is much smaller than the uncertainty of the
calculation of the gluonic contribution IG. The term 3p
provides the largest contribution to the energy density (20).
In the region, which can be well described by ChPT,
aμ < 0.12, the 3p term is compatible to the uncertainty in
IG. In the following region of the phase diagram, where the
system becomes dense, aμ > 0.12, the 3p term is larger
than the gluonic contribution IG, but the uncertainty in the
energy density remains quite large. Finally, in the BCS
phase the uncertainty in the energy density ϵ becomes
small.
In Fig. 10 we present the energy density and the pressure,
divided by T4 in the whole range of the chemical potentials
under investigation. In order to study the EoS in the BCS
phase in more details in Fig. 11 we show the energy density
and the pressure, divided by μ4, as functions of the chemical
potential. The dashed line on both figures corresponds to
the EoS of free relativistic quark gas ϵ ¼ 3p ¼ μ4=π2. It
may be observed from the Fig. 11 that in the BCS phase the
EoS is well described by the EoS of free relativistic quarks.
In our simulations the quark mass is quite large leading to
large pion mass, but nonzero quark mass does not play an
important role in the BCS phase.
Now let us focus on the entropy density (21). According
to the third law of thermodynamics the entropy approaches
to some constant value as temperature approaches to zero.
If the ground state is not degenerate, the entropy is zero. In
our simulations due to nonzero value of the λ-parameter
there is no degeneracy in the system under study, thus one
can expect that the entropy is zero. Our results support the
expectation that the s ∼ 0 for all values of the μ under study,
but the uncertainty of the calculation is quite large.
Previously the EoS of dense QC2D was studied in the
papers [28,34], where lattice simulation was carried out
with dynamical Wilson fermions. It is rather difficult to
compare our results and the results obtained there due to
large uncertainties of the calculation at small values of
chemical potential. However, in the BCS phase the EoS
from [28,34] is well described by the EoS of free relativistic
quarks, which agrees with the results of the present paper.
VI. DISCUSSION AND CONCLUSION
In this paper, we carried out lattice study of the phase
diagram of dense two-color QCD with Nf ¼ 2 quarks and
thermodynamic properties of this system. This study was
conducted at low temperature and for the baryon chemical
potential in the region μ ∈ ð0; 2000Þ MeV.
The results of this and previous [29,36,37] studies
suggest the following phase structure of dense two-color
QCD at low temperatures (a schematic phase diagram of
dense two-color QCD is shown in Fig. 12): for small values
of chemical potential (μ < mπ=2) the system is in the
hadronic phase, and the chiral symmetry is broken; at μ ¼
mπ=2 ¼ 371ð8Þ MeV there is a transition to a phase, where
FIG. 10. The energy density and the pressure divided by T4 as a
function of chemical potential (blue circles are slightly shifted to
the right for the better visibility). The plot is shown in the whole
μa range under study, logarithmic scale is used for better
visibility. The dashed line corresponds to the values of a free
relativistic quark gas ϵ=T4 ¼ 3p=T4 ¼ ðμ=TÞ4=π2.
FIG. 11. The energy density and the pressure divided by μ4 as a
function of chemical potential (blue circles are slightly shifted to
the right for the better visibility). The dashed line corresponds to
the ϵ and 3p of a free relativistic quark gas ϵ ¼ 3p ¼ μ4=π2.
FIG. 12. Schematic phase diagram of dense two-color QCD at
low temperatures.
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scalar diquarks form a Bose-Einstein condensate, diquark
condensate and baryon density develop nonzero values. In
the massless limit there is no chiral symmetry breaking,
if the diquarks are condensed. However, for massive quarks
the chiral condensate is finite, proportional to the quark
mass and decreases with increasing chemical potential.
In the ChPT the interactions between different degrees
of freedom are accounted for by perturbation theory, so
they are assumed to be weak. Together with the fact that in
two-color QCD the diquarks are baryons one may state that
the system on the right side of the phase transition at
μ ≥ mπ=2, but not at too large chemical potential, is similar
to a dilute baryon gas. Lattice results for the baryon density,
diquark, and chiral condensates are well described by ChPT
up to μ < 540 MeV.
Increasing the baryon density further, we proceed to
dense matter, where the interactions between baryons
cannot be fully accounted within perturbation theory.
This transition manifests itself in terms of the deviation
of different observables from the ChPT predictions. In
particular, in this paper the deviation is well pronounced in
the diquark condensate and the baryon density.
At sufficiently large baryon density (μ ∼ 900 MeV,
aμ ∼ 0.20) some observables of the system under study
can be described using Bardeen-Cooper-Schrieffer theory
(BCS phase). In particular, the baryon density is well
described by the density of non-interacting fermions which
occupy a Fermi sphere of radius rF ¼ μ. Moreover, the
diquark condensate, which plays the role of a condensate of
Cooper pairs, is proportional to the area of the Fermi
surface.
In the region aμ < 0.2 the system under study is in the
confinement phase. However, at μ ∼ 900 MeV (aμ ∼ 0.2)
we observe confinement/deconfinement transition in dense
two-color QCD [36]. This transition manifests itself in a
rise of the Polyakov loop and vanishing of the string
tension. It was also found that after deconfinement is
achieved, spatial string tension σs decreases monotonically
and ends up vanishing at μq ≥ 2000 MeV (aμ ≥ 0.45).
Notice, however, that this region is spoiled by lattice
artifacts.
In addition to the phase diagram we have studied how
nonzero baryon density affects the gluon background. We
found that chromoelectric field decreases with rising of
baryon density. We believe that this behavior can be
attributed to well known Debye screening of chromo-
electric field in dense matter. This phenomenon was also
observed in the study of Polyakov loops correlators [37]
and gluon propagators [38,39] in dense matter. As for the
chromomagnetic field, within the uncertainty it remains the
same as compared to its vacuum value up to the chemical
potential aμ ∼ 0.2, then in the region aμ > 0.2 magnetic
field increases with rising of the baryon density. This
behavior can be explained if we recall that magnetic
screening in QCD matter is related to nonperturbative
spatial confinement. In the paper [36] it was found that
in the region aμ > 0.2 the spatial string tension decreases,
i.e., spatial confinement plays less important role. As the
result chromomagnetic field is less screened. Similar results
were obtained in papers [38,39].
To study how nonzero baryon density influences the
topological properties of QC2D we have calculated the
topological susceptibility χ. The topological susceptibility
slowly decreases with rising of the chemical potential. We
believe that this decrease of χ with increasing chemical
potential is related to the screening of chromoelectric fields
in dense matter.
Finally in this paper the equation of state of dense QC2D
was studied. In particular, we calculated the pressure, the
trace anomaly and the energy density. Although it is
possible to calculate the pressure with rather good accuracy,
the uncertainty in the trace anomaly is rather large. As a
result, good accuracy in the energy density can be achieved
only in the BCS phase. It is interesting to note that in the
BCS phase the equation of state is well described by the
corresponding formulas for free relativistic fermions
ϵ ≃ 3p; p ≃ μ4=3π2. The entropy density remains zero
within the uncertainty of the calculation for all values of
the chemical potential as it should be in the λ ≠ 0 case.
At the end of this paper we are going to discuss the
dependence of results on the diquark source λ. Within the
accuracy of the calculation we don’t see any λ-dependence
of the gluonic observables. As for the fermionic observ-
ables in the region of the phase diagram, which is well
described by the ChPT, there is λ-dependence. In particular,
both the quark number density and the diquark condensate
are zero for λ ¼ 0 in the region μ < mπ=2, and finite value
of the λ-parameter leads to nonzero values of these
observables. Close to the phase transition μ ∼mπ=2 there
is also λ-dependence of the fermionic observables.
However, when one moves from the region of the phase
transition μ ∼mπ=2 further to dense matter, the λ-depend-
ence becomes weak and the fermionic observables at
λ=m ∼ 0.1 are close to their values in the limit λ → 0.
This result is in agreement with the previous findings in
[29,32]. The λ-dependence of the EoS is related to the
mentioned λ-dependence of the quark number density,
because the chiral condensate does not depend on it. In
the region μ < mπ=2 and in the vicinity of the phase
transition μ ∼mπ=2 the quark number density is small and
does not contribute significantly to the EoS, and in the BCS
phase its dependence on λ is weak, thus the λ-dependence
of the EoS is weak.
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